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It is well known that a liquid layer, situated between elastic half- 
spaces, in which the velocity of transverse waves is larger than the 
velocity of sound in the layer, is a wave guide [l], In this case, the 
wave guide character of the propagation has been traced to interference 
of the waves in the layer with angles larger than the limiting one. More 
detailed investigation of the processes occurring in systems of the pre- 
sent type show that, when there is an arbitrary relation between the 
parameters of the media, there exists yet another type of vibration di- 
minishing slowly with distance, and that the low-frequency part of this 
vibration has a slow velocity of propagation t21. Some of the basic 
features of these vibrations will be studied below. 

1. In a system of cylindrical coordinates (r, 8, z), let the liquid 
layer 1, determined by the condition 0 6 z <h separate the elastic half- 
space 0, for which I < 0, from the half-space 2, for which z > h. Each 
of these media is characterized by the longitudinal and transverse velo- 
cities of propagation -1 ai (i = 0, 1, 2) and hi-’ (i = 0. 2), respec- 
tively, and by the densities pi (i = 0, 1, 2), which are connected with 
Lam& 8 constants 

At a point of the medium with coordinates (0, 0, -H) there is a source 
like a center of dilation, the time dependence of which is expressed by 
a unit function. The source produces in the medium 0 a field of displace- 
ments, characterized by the potential 
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where 
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(i -3) 

In this a cut is to be made in the q-plane between the points *i/y, 
in the left-hand half-plane, and the branch of the square root is fixed 

by the condition that arg ao = 0 when ‘1 > 0. In formula (1. Z), the posi- 

tive sign is to be taken when t < -N and the negative sign when z > -H. 

We denote by ‘pg, v,,, q2, vz the longitudinal and transverse potentials 

of the auxiliary fields of elastic displacements in the half-spaces 0 and 

2, and by ‘PI the potential of the displacement field in the liquid layer 

1. The potentials must satisfy the equations 

the zero initial conditions 

and the boundary conditions 

pa [(big - 2aaaf ‘$ + 2 + 2 z$$- + + 21 = ~1 2 whens=h 

p,[2a2;+ba2,$$ _ 27&o 

which insure the continuity of the vertical components of the displace- 

ment vectors and of the vertical components of stress tzt and the vanish- 

ing of shear stresses, 

The solution of the indicated problem can without difficulty be re- 

presented in the form 

O” IO (kr) dk 
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(PI = 2ni 

[X1-rtikzal + Xl+coshkzal] exp r dq 

0 a-km 
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cpa = r'n'izidk \ X,exp[k(&q--_z-hh)a,)]dq 

0 aA0 

(I.71 

0 +fm 

\ YIexp[k(~rl--(I--k)P.)]dl 
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where 

av=3/i+r:q2 (v=O, 1, 21, PO = vi + v, pa = VI + &+-la 

The above square roots can be determined by the conditions that 

arg ai = 0, arg Pi = 0 when q > 0, and the cuts from the branch points 

of the square roots can be drawn in the left-hand half-plane parallel to 

the real axis. The functions Xi and Yi can be determined from the bound- 

ary conditions (1.6). At first, consideration will be limited to the 

case of half-spaces with identical parameters; for a system with differ- 

ent half-spaces closed results can be derived. 

2. If the elastic properties of the half-spaces coincide, i.e. ae zag, 

b, = bz, p,, = pz, then for the integrands in (1.7) the following expres- 

sions can be written down. 

x0 = + (2 + 2) e---kHQ*XoO, xz- = - aogq2 (-& + &) e--kHaozoO 

y. - i (2 $2) e--kHa*XOo, X1- = aog$ (-&tmhk+ + i coth F) e-kHa*XOO 

x, = f (2 + 2) C-kH=*XoO, Ya = + (2 + 2) e-kHa*Xoo 

khal 
LI = a$o+ploz~q~~nh~, 

khal 
La = p1ozoq*t=q- - alTo, 

khz, 
L3= a&i- PIO%~~ wth 2 

L = plozq4coth T - alTo 

4 = 4a0alg, 4 = - 4a0alg, L,=-L3, L*=L3, LQ=Lg, L*o=-Ls 

Ro = (2 + qlJa - 43oP0, T = (2 + qaY + 42oP0, g=2+$ 

p10 = Et n=z, To=2 (2.1) 
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We note that, if in the formulas (2.1) the terms containing L, are 
discarded, a part of the wave field is obtained which is symmetric with 
respect to the plane z = l/2 h, and, similarly, if the terms containing 
Lz are discarded the antisymmetric part remains. 

These can be used to advantage for the investigation of the solution. 
The components of the displacement vectors in each of the media can be 
obtained from (1.7). if use is made of the eauations 

acp, W, ~CP, 89, 9” 
9”=~-~, W”=z+ar+r (2.2) 

From equations (1.7). (2.1) and (2.2), the vertical components UJ~ and 
the horizontal components 91 of the displacement vector in the liquid 
layer can be represented by the following sum of the symmetric (9,, 10~) 
and antisymmetric (9,, wa) parts of the wave field 

0+400 

c?1= Q‘ + Qa = 
mkl,(kr)dk ’ 
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W1,Xo”exp k $ q - 
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WI,,X~” exp k bo q - kHao 
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dq 

0 0403 

(2.3) 

(2.4) 

For the study of the solutions (2.3), (2.4), it is necessary to know 

the singularities of the integrands in (2.5) and. above all, the rOOtS 

of the dispersional equations 

~52 W, rl) = 0 (2.6) 

3. The equation L,(kh, q) = 0, corresponding to antisymmetric vibra- 
tions, has exactly the same form as the dispersional equation indicated 
in [31 for the problem of the vibration of a liquid layer lying on an 
elastic half-space. There, it was proved that the low-frequency part of 
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these vibrations can be represented by the low-frequency Part of the 
interference Rayleigh wave. the phase velocities v of which satisfy the 

inequality c2 > v > co (where c2 is the velocity of the Rayleigh wave on 
the free surface of the elastic half-space, co is the velocity of this 
same wave on the boundary between an elastic and a liquid half-space). 

Thus, in such a system there are no low-frequency waves with a Small 

velocity of propagation, which is the object of our discussion. Now we 
will consider the dispersion equation of the symmetric vibrations 
Lz(kh, ‘I) = 0. 

It is expedient to divide these roots into two classes, and into the 
first class are put the roots which are at a finite distance from the 
origin when kh = 0. It can be proved that, for an investigation of the 
low-frequency vibrations of stratified systems, it is sufficient to limit 
consideration to only the roots of the first class [41. Multiplying the 
left-hand side of L2(kh, ‘I) = 0 by kh and passing to the limit kh - 0, 
it is not difficult to convince oneself that, when kh = 0, the equation 
has a root of fourth multiplicity at the origin and simple roots at the 
points f iyO-l. As kh increases, the root at the origin separates into 
two fixed roots and two simple roots ?l = f iy(y > 0) moving out on the 
imaginary axis. An approximate expression for them when kh is sufficiently 
small is obtained by expanding the function L*(kh, Q) in a series of 
powers of kh and q and limiting the expansion to a few of the first terms 

4 (1 - Toa) kh 
!J = { 4p10 + kh [2 + (1 - To”) (1 - ro4 + 4rla)l I 

‘11 
(3.1) 

As kh increases, the ordinates of the roots increase monotonically 
and as kh - m they tend to the roots of the equation 

a1 (go9 - 4%Po) f Ploxorl’ = 9 (3.2) 

Equation (3.2) is obtained as the solution of the problem of the 
vibrations of the boundary separating a solid and liquid half-space. It 
has two roots on the imaginary axis with the ordinates f T,, satisfying 
the inequality T,, < 6. where 6 is the Rayleigh root for the free surface 
of an elastic half-space [51. 

As can be seen from (1.7). the ordinates of the roots determine the 
phase velocity of the vibrations up to a constant multiplicative factor. 
Therefore, the phase velocities v of the vibrations, corresponding to 
the roots considered, lie in the frequency range 0 < v < To/b,. which is 
of great interest. In regard to the roots moving out from f iye-‘, they 
either move over to the second sheet of the Riemann surface (if born1 < 

a0 
-1 < al-'), or they proceed to the left of the imaginary axis in the 

strip Yl -’ < 1 Im q 1 < yowl (if the condition boB1 < al-’ < aoel or 
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a1 
-’ < bO--l < aO-l Is satisfied). which leads to strong attenuation of 

the vibrations corresponding to these roots. 

4. For the Investigation of the Integrals (2.3), (2.4) we will deform 

the path of Integration of the inner integral into the left-hand half- 

plane. For this deformation we will have to cut through the branch line 

passing from the branch points and the pole of the integrands. Correspond- 

ing to this field of displacements, it will be possible to represent It 

as a sum of terms each of which describes a wave of a different physical 

nature (principal, reflected, Rayleigh, and such, waves). Now we will 

Investigate the symmetric field which is described by the integral after 

substitution of the roots of the equation L,(kh. q) = 0. 

We will assume that the inequality kh << 1, equivalent to 

o 4 (2alh)-’ (4.1) 

Is satisfied. Then the function L2(kh, q) can be approximately repre- 

sented in the following form 

2r12POl 
La=7 V+T [ 

i - 70% kh 
3 

From (4.2) can be traced the anomalous character of the dispersion of 

the waves under consideration. The dependence of the phase velocity v 

and the group velocity u on the frequency are. by virtue of (4.1)) deter- 

mined by the formula 

1 1 

v = (‘$=g)” (kh)$ = ( ~)S($- ( 
3 

u=-v 2 (4.3) 

It is Interesting to recall that for the bending vibrations of a free 

layer and a layer In a liquid having the same anomalous dispersion, the 

phase velocities are proportional to (oh) 1’2 and (oh) 3’5, respectively. 

The components of the displacement vector for symmetric vibrations. 

by (2.3). (2.4). satisfy the equalities 

2 

q8= aI t/Pol(l - ‘lo? 
Re eikvl-kH x0” ,jk (4.4) 

k. 
2 

w, = - 
Jc v P”, (’ - -lo)’ 

Re 
10 (kr) k’ 

(kh)“’ 
(4.5) 

in which v Is determined by (4.3). 

If the elastic properties of the half-spaces are different, the 

formulas for the displacement vectors and the phase velocities become 
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somewhat complicated and can be represented in the form 

1 
1 21/T ’ “’ .I, (kr) k 

v= (2 1/Gg$- 
q1 = 

JX[l--To’ 
CTRe - 

F .~ (N” 
e’kot-kHX~odR (4.6) 

22/2 $ 
k, 

II = - Re c 

v/i -T7f c 
Jo (k’) ‘* etkvt-kH tL _,,I X0”& 

It ;, (MI)” 
(4.7) 

(4.6) 

From (4.7) it follows that in the layer of liquid there is a plane 
.z = cash. all the points of which do not undergo a vertical displacement 
during the propagation of the vibrations under consideration. Generally 
speaking, throughout the whole thickness of the layer the amplitudes w1 
of the components of the displacement field are smaller than the hori- 
zontal components by an amount (z - cash), i.e. it could be said that the 
displacement vector has been polarized into one plane. 

In the discussion of the properties of the part of the field written 
down, great importance is attached to the way in which the waves are 
attenuated with distance, We assume that the point of observation is 
situated at a sufficient distance, in order to have satisfied the inequal- 
ity kr >> 1, and we replace the Bessel function in (4.4) to (4.7) by the 
first term of the asymptotic expansion. 

The result of integration can be written in the form 

(4.9) 

where q(k) is slowly varying in comparison with the second factor. It is 
easy to prove that the displacement field (4.9) decreases 

-- 
f i when V > czr r-l when V <q 

whereby V is the translational velocity of the observer. 

Thus, the wave disturbance is characterized by an unusually small 
attenuation with distance. The amplitude of the low-frequency part of 
the field does not depend on the velocity of propagation in the layer 
and is determined by the discontinuous jump in the densities of the 
media and the relation between the longitudinal and transverse velocities 
in the elastic medium. The amplitudes of the waves decreases exponen- 
tially with distance, when the ordinate of the point of observation 
of the source is away from the boundary of the layer, thus indicating 
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the wave character of the propagation (this .follows directly from (2.1)). 
The vibrations have a very low velocity of propagation, but because of 
the anomalous dispersion the higher frequencies will be propagated with 
a higher velocity. 

In conclusion I desire to express my thanks to G. I. Petrashen’ and 
L.A. Molotkov for discussion of the work. 
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